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Abstract
We discuss fractional D3-branes on the orbifold C3/Z2 × Z2. We study the open
and the closed string spectrum on this orbifold. The corresponding N = 1 theory
on the brane has, generically, a U(N1) × U(N2) × U(N3) × U(N4) gauge group with
matter in the bifundamental. In particular, when only one type of brane is present,
one obtains pure N = 1 Yang-Mills. We study the coupling of the branes to the bulk
fields and present the corresponding supergravity solution, valid at large distances. By
using a probe analysis, we are able to obtain the Wilsonian β-function for those gauge
theories that possess some chiral multiplet. Although, due to the lack of moduli, the
probe technique is not directly applicable to the case of pure N = 1 Yang-Mills, we
point out that the same formula gives the correct result also for this case.
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1 Introduction
Fractional branes [1, 2, 3, 4] provide a useful way to construct gauge theories with reduced
supersymmetry in string theory. In particular, for theories on orbifold, from the asymptotic
behaviour of the fields belonging to the twisted sector, one can read off various quantities
of the guage theory. For instance, one was able to obtain the perturbative β-function of
pure N = 2 Yang–Mills theory from this perspective [5].
The basic idea involved in this type of computations is that of probing the gauge theory
living on a stack of branes by putting a single brane of similar kind next to them. The
picture emerging from the gauge theory is that one has higgsed the original theory by
giving a v.e.v. to the matter multiplet describing the position of the probe brane. The
gauge theory on the brane probe becomes free and its coupling constant stops running.
By reading off such frozen coupling one obtains an algebraic relation for the running
couplings at the moment of the breaking and can thus reconstruct the β-functions. The
determination of the coupling on the probe is obtained by looking at the Born–Infeld
action and it is essentially given by the (pull-back of) the twisted fields obtained from
supergravity [6].
The above technique is related to the so called gauge/gravity correspondence although,
when discussing non conformal theories, one is generically unable (with noticeable excep-
tions [7]) to obtain a singularity free gravity dual. In particular, fractional branes will
always give rise to singular gravity backgrounds but one has nevertheless been able to
obtain perturbative N = 2 β-functions in this way [5, 8, 9, 10] and it is not inconceivable
that instanton corrections may also be computed.
In this paper we generalize these techniques to N = 1 gauge theories. In order to use
the probe analysis, we need a theory with some chiral multiplets, and the orbifold C3/(Z2×
Z2) provides one of the simplest examples. There are four different types of fractional D3-
branes in such orbifold [11], none of which is free to move separately. However, we will see
that they can move in pairs along certain orbifold directions due to the presence of chiral
1
multiplets and this allows us to construct a bound state probe and to derive a certain
linear combination of β-functions. The bound state probe moving in one of the three
complex directions is nothing but a fractional brane of the C2/Z2 theory of [5] with the
scalars describing its position in relation to the orbifold point. Thus, when we are probing
N = 1 theories, the low energy theory on the probe is a (free) U(1) N = 2 theory.
The computation of the β-function proceeds in a way that is very similar to that of [5].
The boundary state technique allows one to obtain the (properly normalized) coupling
of the brane to the twisted fields. Thus, the brane acts as a source for such fields and
their logarithmic behaviour is re-interpreted, via the Born–Infeld action, as the running
coupling. Because of the need for chiral multiplets in the bifundamental, the gauge group
under study contains at least two simple factors, each one coming with its own coupling
constant. Since the gauge symmetry breaking in the N = 1 case is slightly more involved
than that for N = 2, the probe analysis allows one to obtain only a linear combination
of the β-functions for these couplings. However, we show that the formulæ obtained give
the correct answer even in the case of pure N = 1 Yang–Mills with only one U(N) gauge
group although, strictly speaking, the probe analysis is not applicable there. We believe
that it should be possible to justify this result with a refinement of the probe analysis.
It is perhaps worth emphasizing that the results for the β-functions presented here are
valid near the gaussian UV fixed point, where the anomalous dimensions vanish. This is
justified here because we start with a renormalizable theory which admits a continuum
limit. This should not be confused with the case discussed in [12, 7], where the results
for the β-functions concern the theory at a non-gaussian IR fixed point, and contain some
non perturbative information encoded in the anomalous dimension of the fields via the
exact relation of [13].
The paper is organized as follows. In section 2, we discuss the open and closed string
spectrum for fractional branes at the orbifold C3/(Z2 × Z2) and, using the technique of
boundary state, we compute the coupling of the various bulk fields to the brane and
construct the boundary action. In section 3, we obtain the gravity solution corresponding
to the most generic combination of fractional branes. The part of the solution that is
relevant to the computation of the β-functions is the behaviour of the twisted fields.
Although the solution for the metric is singular (as it was in the N = 2 case), the probe
analysis is justified at large distances. In section 4, we will use these results to obtain the
β-functions of the gauge theory. We will also justify the probe analysis from the gauge
theory point of view by studying the higgsing of the theory. Moreover, noticing that
brane probes become tensionless before reaching the singularity, we also conclude that
the short-distance region of spacetime is out of reach of the supergravity solution while
the singularity is excised. This implies that we cannot probe the IR of the gauge theory,
but this is not relevant in computing the perturbative β-function. Finally, we will show
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that our formulæ also correctly reproduce the β-function for the pure N = 1 theory when
extrapolated outside of the regime of validity of the probe analysis.
2 Regular and fractional branes on C3/(Z2 × Z2)
In this section we consider both regular and fractional D3-branes of type IIB string theory
on the orbifold R1,3 × C3/(Z2 × Z2), we study the spectrum of the massless open string
states having their end-points attached to them and, after constructing the boundary
state encoding their properties, we determine their boundary action and the large distance
behaviour of the classical solution corresponding to them.
The group Z2×Z2 has four elements: the identity e, the generators of the two Z2 that we
denote with h1 and h2 and their product, denoted by h3 = h1h2. By taking the orbifold
directions to be along x4, . . . , x9 and introducing complex coordinates (z1, z2, z3) ∈ C3
defined by:
z1 = x
4 + ix5 , z2 = x
6 + ix7 , z3 = x
8 + ix9 (2.1)
the action of the orbifold group on the complex coordinates zi (i = 1, 2, 3) can be defined
as:
z1 z2 z3
e z1 z2 z3
h1 z1 −z2 −z3
h2 −z1 z2 −z3
h3 −z1 −z2 z3
Table 1: The action of the orbifold generators on C3.
We are interested in studying D3-branes which are transverse to the orbifold, namely with
world-volume directions xα, with α = 0, 1, 2, 3.
The low energy closed string sector of the orbifold C3/(Z2 × Z2) consists of an un-
twisted sector and three twisted sectors, corresponding to zero modes of supergravity
fields dimensionally reduced on the three exceptional vanishing two-cycles Ci (i = 1, 2, 3)
characterizing the orbifold, each of them embedded in one of the three four-dimensional
subspaces of C3 [14]. The three anti self-dual 2-form ωi2, dual to the cycles Ci, are then
completely independent and normalized as:∫
Ci
ωj2 = δ
j
i ,
∫
ωi2 ∧ ωi2 = −
1
4
, ∗4 ωi2 = −ωi2 (2.2)
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where the index ∗4 indicates the dual in the four-dimensional space in which the two-cycle
is embedded.
Let us start by analyzing regular branes, namely those D-branes which are free to move
in the full transverse space. In order to study the open string spectrum living on a regular
D3-brane, it is convenient to consider the covering space where together with the original
brane there are also its three images. If the D3-brane is located at an arbitrary point of
the transverse six-dimensional space, the open strings stretched between the brane and its
images or between two of its images correspond in general to massive states. But massless
states appear when we put the D3-brane at the orbifold fixed point z1 = z2 = z3 = 0. The
generic open string state is the product of a Chan-Paton factor consisting of a 4×4 matrix
describing the open strings attached to the D3-brane and its images and of an oscillator
part. In particular a massless state of the NS sector has the following form:
λ ⊗ ψM
−1/2|0, k > (2.3)
where λ denotes the Chan-Paton factor and M = 0, 1, ..., 9. The action of the generators
of Z2 × Z2 on the Chan-Paton factors is defined as
γ(h)λ γ−1(h) = λ′ for h = e, h1, h2, h3 (2.4)
It is convenient to choose the matrices γ(h) to be:
γ(e) = 1⊗ 1 , γ(h1) = σ3 ⊗ 1 , γ(h2) = 1⊗ σ3 , γ(h3) = σ3 ⊗ σ3 (2.5)
where with ⊗ we denote the usual tensorial product.
Not all states in eq.(2.3) are allowed in an orbifold theory. The only allowed states
are those that are left invariant under the combined action of the orbifold group on the
oscillators and the Chan-Paton factors. In particular, if M = α, the oscillator part is left
invariant by the action of the orbifold group. Therefore, we must require that also the
Chan-Paton part be left invariant by the action of γ(h), namely λ′ = λ in eq.(2.4). On the
other hand, since ψ4,...,9
−1/2 |0, k > can be either even or odd under the action of the orbifold
group, the states surviving the orbifold projection are those with Chan-Paton factors that
are respectively even or odd under the action of the orbifold group1. By a careful analysis
one finds the following bosonic spectrum of massless states:
Vectors: λ× ψα
−1/2|k > λ = {1⊗ 1 , σ3 ⊗ 1 , 1⊗ σ3 , σ3 ⊗ σ3}
Scalars: λ× ψ4,5
−1/2|k > λ = {1⊗ iσ2 , 1⊗ σ1 , σ3 ⊗ iσ2 , σ3 ⊗ σ1}
λ× ψ6,7
−1/2|k > λ = {iσ2 ⊗ 1 , σ1 ⊗ 1 , iσ2 ⊗ σ3 , σ1 ⊗ σ3}
λ× ψ8,9
−1/2|k > λ = {iσ2 ⊗ σ1 , iσ2 ⊗ iσ2 , σ1 ⊗ iσ2 , σ1 ⊗ σ1}
1Remember that world-sheet supersymmetry requires that the orbifold group acts in the same way on
the bosonic and fermionic coordinates.
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Including also the fermionic spectrum obtained from the Ramond sector one obtains 4
N = 1 gauge and 12 chiral multiplets. The gauge theory living on a regular D3-brane
that, as we have seen, is described by 4 × 4 Chan-Paton factors, has thus gauge group
U(1)1 ×U(1)2 ×U(1)3 ×U(1)4 and 12 chiral multiplets. It is convenient to use a basis in
the space of the 4 × 4 Chan-Paton factors where each diagonal entry corresponds to one
of the U(1) factors:
Aα =

A1α 0 0 0
0 A2α 0 0
0 0 A3µ 0
0 0 0 A4α
 (2.6)
A similar structure holds for the 12 chiral multiplets, which, in the above gauge field basis,
can be organized in three 4× 4 matrices given by
Φ1 =

0 a1 0 0
b1 0 0 0
0 0 0 c1
0 0 d1 0
 , Φ2 =

0 0 a2 0
0 0 0 b2
c2 0 0 0
0 d2 0 0
 , Φ3 =

0 0 0 a3
0 0 b3 0
0 c3 0 0
d3 0 0 0
 (2.7)
where ai, · · · , di are each a chiral multiplet and we picked the same complex structure as
in eq.(2.1).
The superpotential can be written asW = tr(Φ1[Φ2,Φ3]) and can be easily generalized
to the non abelian case. To avoid confusion, it is worth noticing that, contrary to the
quartic superpotential of [12], this superpotential is renormalizable in the UV. As remarked
in the introduction, our results are valid in that region, where we can use the perturbative
expression for the β-functions with all the anomalous dimensions γ ≈ 0.
Looking at the U(1) charges of these multiplets we see that each of them is charged
with respect to two gauge fields. This means that the chiral multiplets transform in the
bifundamental of any given couple I, J (I, J = 1, 2, 3, 4) of gauge groups and that each
chiral multiplet contributes to two different U(1)I . As a consequence there are 6 chiral
multiplets charged under a given gauge group. If, instead of only one, we have N regular
D3-branes, then the gauge theory living on them is a supersymmetric N = 1 gauge theory
with gauge group U1(N)×U2(N)×U3(N)×U4(N) and 12 chiral multiplets, transforming
according to the fundamental (anti-fundamental) representation of a given gauge group
and carrying a flavor index in the fundamental (anti-fundamental) of one of the other 3
gauge groups. This theory, as expected, is conformal. Indeed for any of the four gauge
groups the (Wilsonian) β-function reads:
βI =
g3I
(4π)2
[−11
3
N +
2
3
N︸ ︷︷ ︸
Gauge multiplet
+
1
6
6N +
1
3
6N︸ ︷︷ ︸
Chiral multiplets
] = 0 (2.8)
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In conclusion we have seen that a regular brane is described by Chan-Paton factors trans-
forming according to a 4×4 representation of the discrete orbifold group Z2×Z2 and that
the gauge theory living on it is a conformal invariant theory.
It is known that a discrete abelian group, as the orbifold group Z2 × Z2, has only
one-dimensional irreducible representations. This means that a regular D3-brane must be
decomposable into more elementary objects, the fractional D3-branes, whose Chan-Paton
factors are indeed just numbers and transform irreducibly under the orbifold group. The
fact that the representation of the orbifold group is reducible can be directly seen from
the explicit expression for the regular representation given in eq.(2.5) where all the 4× 4
matrices are diagonal. From them one can extract the four one-dimensional irreducible
representations of Z2×Z2 corresponding to the four types of fractional branes. They read
as follows:
γ1(e) = +1 γ1(h1) = +1 γ1(h2) = +1 γ1(h3) = +1 (2.9)
γ2(e) = +1 γ2(h1) = +1 γ2(h2) = −1 γ2(h3) = −1 (2.10)
γ3(e) = +1 γ3(h1) = −1 γ3(h2) = +1 γ3(h3) = −1 (2.11)
γ4(e) = +1 γ4(h1) = −1 γ4(h2) = −1 γ4(h3) = +1 (2.12)
The first column is related to the coupling of the fractional branes to the untwisted sector,
while the other three columnss correspond to the coupling of the fractional branes to the
three twisted sectors (with charge according to the corresponding ± sign). As already
noticed, these three twisted sectors are related to the three shrinking cycles Ci which
are located at the orbifold fixed point. Since, according to the above table, fractional
branes couple to all twisted sectors, a given fractional D3-brane, whose transverse space
coincides with the orbifold directions, is stuck at the orbifold fixed point and there is no
way of moving it. The same is true if we consider a bound state of an odd number of
fractional D3-brane types. On the other hand, if we consider a bound state of an even
number of fractional D3-brane types, it is possible to move it along some directions of the
six-dimensional transverse space. Indeed, from the above table, one can easily see that
a bound state of four fractional D3-branes, corresponding to a regular D3-brane, can be
moved over the entire six-dimensional transverse space because the twisted charges cancel
and there is no coupling with any twisted sector. For a bound state of two fractional D3-
brane types, the charge under two twisted sectors cancels and the bound state is charged
only under one twisted sector. Hence, the bound state is free to move along the two-
dimensional space orthogonal to the four directions on which the one twisted sector is
stuck. This observation will be relevant in section 4, when we will discuss D-brane probes.
In terms of constituent fractional branes it is now easy to understand the structure of
the gauge group of N regular D-branes as a product of the four U(N) gauge groups we
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have found before. Each of the U(N) gauge fields corresponds to the massless open strings
having their end-points on one of the four fractional D3-branes constituting the regular
D3-brane. In particular, one could have a more general gauge group U(N1) × U(N2) ×
U(N3)× U(N4) if we had considered a more general bound state of fractional D3-branes
consisting of NI fractional branes of each kind.
From the previous picture it follows that the gauge theory living on a bound state made
of two fractional D3-branes of different kind has gauge group U(1) × U(1). As already
noticed, such a D3-brane can now move in the two-dimensional subspace of the entire
six-dimensional transverse space orthogonal to the four-dimensional space corresponding
to the twisted sector to which the bound state is coupled to. The chiral multiplets are
charged under both gauge fields, and represent the motion of a pair of fractional branes
along one of the direction zi. For instance, from eq.(2.7) we can see that a1, b1 are two
chiral fields charged with respect to A1α and A
2
α, so a pair of fractional branes of type 1 and
2 can move along the first complex direction. The same holds for a couple of fractional
branes of type 3 and 4.
In string theory one can determine the properties of the fractional Dp-branes of the
orbifold C3/(Z2 × Z2) by computing the vacuum energy Z of the open strings stretched
between two of them that is given by:
Z =
∫
∞
0
ds
s
TrNS−R
[(
1 + (−1)F
2
)(
e+ h1 + h2 + h3
4
)
e−2pis(L0−a)
]
(2.13)
where the first term under the trace performs the GSO projection, the second term the
orbifold projection in the case of our orbifold, while a = 1/2 in the NS sector and a = 0
in the Ramond sector. The properties of the fractional D3-branes are easily studied by
performing in eq.(2.13) the modular transformation s → t = 1/s that brings us to the
closed string channel, and by rewriting Z as a matrix element between two boundary
states with the insertion of closed string propagator. Since the closed string theory living
on our orbifold has an untwisted sector together with three twisted sectors we have to
consider a boundary state for each of the previous four sectors. They are related to the
four terms that appear in the second bracket under the trace in eq.(2.13). When one takes
the e inside the bracket corresponding in the closed string channel to the untwisted sector,
one gets 1/4 of the contribution of the open strings stretched between two D3-branes in
flat space. This means that the boundary state corresponding to the untwisted sector
is equal to the one in flat space apart from an additional normalization factor 1/2. The
other three terms in the second bracket in eq.(2.13), when rewritten in the closed string
channel, will determine the boundary states corresponding to the three twisted sectors.
Let us consider for instance the term denoted with h1 in the second bracket in eq.(2.13).
Since h1 (see table 1) acts by changing sign to z2 and z3, but leaving z1 invariant, the
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twisted boundary state that we will obtain will be equal to the one corresponding to the
twisted sector of the orbifold C2/Z2, where C
2 is spanned by z2 and z3, with an additional
normalization factor 1/
√
2 with respect to the case of the orbifold C2/Z2. The same is
true for the other two terms h2 and h3 where C
2 is spanned respectively by z1 and z3 and
by z1 and z2. In conclusion in the case of the orbifold C
3/(Z2 × Z2) we can just take the
boundary states as given in [15, 16] for the orbifold C2/Z2 and multiply them with the
additional normalization factor 1/
√
2.
The previous considerations allow us to write almost immediately the coupling of the
fractional D3-branes of the orbifold C3/(Z2×Z2) from those published in eqs. (7) and (8)
of [5] corresponding to the orbifold C2/Z2. The supergravity fields a fractional D3-brane
couples to are the metric and the RR 4-form potential in the untwisted sector and 3 scalars
bi and 3 4-form potential A
i
4 in the twisted sector. The 3 scalars and the 3 4-form potentials
correspond to the dimensional reduction of the Kalb-Ramond 2-form potential B2 and of
the 6-form potential C6 on the three cycles Ci, respectively (with charges according to
eqs.(2.9)-(2.12)). In doing that one should remember that for our orbifold the background
values of the B2-fluxes are [17]: ∫
Ci
B2 = 4π
2α′
1
2
≡ b0 (2.14)
for any i, and bi ≡
∫
Ci
B2 = b0 + b˜i, where b˜i are the fluctuations of the fluxes around b0.
The couplings of the untwisted fields with a fractional D3-brane are given by:
〈B|h〉 = −T3
4
h αα V4 , 〈B|C4〉 =
T3
4κ
C0123 V4 (2.15)
where T3 =
√
π is the normalization of the boundary state which is related to the brane
tension in units of the gravitational coupling constant κ = 8π7/2(α′)2gs [18], V4 is the
(infinite) world-volume of the D3-brane, and the index α labels the longitudinal directions.
The couplings of the twisted fields with a fractional D3-brane are given by:
〈B |˜bi〉 = − T3
4κ
1
2π2α′
b˜i V4 , 〈B|Ai4〉 =
T3
4κ
1
2π2α′
Ai0123 V4 (2.16)
From the previous couplings one can deduce the boundary action of a fractional D3-brane
of any kind. For a brane of type 1, which has positive charge with respect to any twisted
sector, the boundary action is given by:
S1 = −τ3
4
∫
d4x
√− detGαβ
[
1 +
1
2π2α′
3∑
i=1
b˜i
]
+
+
τ3
4
∫ [
C4
(
1 +
1
2π2α′
3∑
i=1
b˜i
)
+
1
2π2α′
3∑
i=1
Ai4
]
(2.17)
8
where τ3 =
T3
κ . For the other types of fractional D3-branes the boundary action has the
same structure, the only difference are the signs in the coupling to the twisted sectors
which can be found in eqs.(2.9)-(2.12).
From the above couplings one can also compute the large distance behaviour of the
various fields. For the metric one gets:
ds2 ≃
(
1− Q
2 r4
)
ηαβ dx
αdxβ +
(
1 +
Q
2 r4
)
δlm dx
ldxm + ... (2.18)
where α, β = 0, ..., 3; l,m = 4, ..., 9; r =
√
xlxmδlm and Q = π gs (α
′)2 while for the
untwisted 4-form potential one gets
C4 ≃ − Q
r4
dx0 ∧ dx1 ∧ dx2 ∧ dx3 + ... (2.19)
The asymptotic behaviour of the twisted fields is instead given by
b˜i ≃ K log(ρi/ǫ) + ... (2.20)
Ai4 ≃ K log(ρi/ǫ) dx0 ∧ dx1 ∧ dx2 ∧ dx3 + ... (2.21)
where ρi = |zi|, ǫ is a regulator and
K =
T3
4κ
1
2π2α′
2κ24
2π
= 4π gs α
′ (2.22)
By considering fractional branes of type 2, 3 and 4 one gets similar results, the only
difference being the sign of the coupling to the twisted fields, according to eqs.(2.10)-
(2.12).
3 Classical solution for fractional D3-branes
In this section we derive the supergravity solution describing a bound state of N1 fractional
D3-branes of type 1, N2 of type 2, N3 of type 3 and N4 of type 4 in the orbifold theory we
are considering. Let us start from the action of type IIB supergravity in ten dimensions:
SIIB =
1
2κ2
{∫
d10x
√−detGR− 1
2
∫ [
dφ ∧ ∗dφ + e−φH3 ∧ ∗H3 + e2φF1 ∧ ∗F1
+eφF˜3 ∧ ∗F˜3 + 1
2
F˜5 ∧ ∗F˜5 − C4 ∧H3 ∧ F3
]}
(3.1)
where
H3 = dB2 , F1 = dC2 , F3 = dC2 , F5 = dC4 (3.2)
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are, respectively the field strengths of the Kalb-Ramond two form and the 0-,2- and 4-form
RR potentials, and
F˜3 = F3 + C0 ∧H3 , F˜5 = F5 + C2 ∧H3 (3.3)
As usual the self-duality constraint ∗F˜5 = F˜5 has to be implemented on shell.
Since we are interested in computing the classical solution of fractional D3-branes in
the orbifold C3/(Z2 × Z2), it is convenient to introduce the complex fields:
τ = C0 + ie
−φ and G3 = dC2 + τdB2 (3.4)
and the standard D3-brane ansatz for the untwisted fields GMN and F˜5, namely:
ds2 = H−1/2ηαβ dx
α dxβ +H1/2δlm dx
l dxm (3.5)
F˜5 = dH
−1 ∧ V4 + ∗
(
dH−1 ∧ V4
)
(3.6)
In terms of the complex fields in eq.(3.4), the equations of motion for the axion and dilaton
become:
d ∗ dτ + ieφdτ ∧ ∗ dτ + i
2
G3 ∧ ∗G3 = 0 (3.7)
where, since the source we are interested in, namely fractional D3-branes, does not couple
to the dilaton and the axion, there is not any source term in the right hand side of the
above equation. Hence, requiring the above equation to be solved by constant dilaton and
axion, one gets back the constraint G3 ∧ ∗G3 = 0. Noticing that
∗G3 = −H−1∗ˆ6G3 ∧ V4 (3.8)
where ∗ˆ6 depends only on the 6 transverse directions to the D3-brane and we have extracted
all the warp factors, one can solve the constraint imposed by the scalar equation by
requiring:
∗ˆ6G3 = −iG3 (3.9)
The constant i on the left hand side, instead, has been fixed by observing that ∗ˆ6∗ˆ6G3 =
−G3. Eq.(3.9) seems a general condition satisfied by any classical solution generated by
fractional branes living both on orbifold and conifold geometry and it is related to the
supersymmetry properties of the system [19, 20, 21].
The equations of motion for the two 2-forms can be grouped together in the following
equation:
d ∗G3 + dτ ∧
[
ieφ ∗ G3 + ∗H3
]
− iF˜5 ∧G3 = −2iκ2
[
δLb
δB2
− τ δLb
δC2
]
(3.10)
10
where Lb is the Lagrangian density of the given source. We now solve eq.(3.10) by using
the ansatz for the untwisted fields given in eqs.(3.5) and (3.6), with constant dilaton and
axion, as already noticed. By plugging then eq.(3.9) in eq.(3.10) we get:
H−1d ∗ˆ6G3 ∧ V4 = 2iκ2
[
δLb
δB2
− τ δLb
δC2
]
(3.11)
In order to solve the previous equation we have to write an ansatz for the twisted fields,
too. In this orbifold, as discussed in the previous section, there are four kinds of fractional
branes, each of them coupled with all the twisted fields as it emerges from the linear cou-
plings dictated by the boundary state. We want to find a classical background generated
by a bound state made of all four different kinds of fractional branes. A natural ansatz
compatible with the large distance behaviour of the twisted fields given in eqs.(2.20) and
(2.21) is:
G3 = dγi ∧ ωi2 (3.12)
with i = 1, 2, 3, γi = ci + ibi and where ci =
∫
Ci
C2 are the Hodge duals of the 4-form
potentials the fractional D3-branes actually couple to. Since the twisted fields γi are
obtained by reducing G3 along the cycles Ci, they can only depend on the coordinates
zi. In particular, inserting the above ansatz in eq.(3.9) one gets that γi are analytic
functions of zi. Moreover, by plugging the ansatz (3.12) in eq.(3.11) we get, for each
twisted component, the following equation:
δrs∂r∂sγi − 2πiKfi(NI) δ(x2i+2) δ(x2i+3) = 0 (3.13)
where r, s ∈ {2i+ 2, 2i + 3}, K is defined in eq.(2.22) while the functions fi(NI) depend
on numbers NI of fractional branes of the four different types and are given by:
f1(NI) = N1 +N2 −N3 −N4
f2(NI) = N1 −N2 +N3 −N4
f3(NI) = N1 −N2 −N3 +N4 (3.14)
The different signs in the previous expressions are due to the signs appearing in the irre-
ducible representations given in eqs.(2.9)-(2.12), each of them corresponding to a fractional
brane of a given type.
One can easily see that the analytic solution of eq.(3.13) is:
γi = iK
[
π
2gs
+ fi(NI) log(zi/ǫ)
]
(3.15)
where the background value given in eq.(2.14) has been introduced. Let us now consider
the field equation for the untwisted 4-form C4 which in this case looks like:
d ∗ F˜5 − i
2
G3 ∧ G¯3 + 2κ2 δLb
δC4
= 0 (3.16)
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and which determines the warp factor H. Inserting in this equation the Ansatz (3.5), (3.6)
and (3.12), we get:
δlm∂l∂mH +
1
4
∑
i
|∂ziγi|2 δ4i (x) + 4π3Qf0(NI)δ(x4) . . . δ(x9) = 0 (3.17)
where f0(NI) = N1+N2+N3+N4 and Q is defined before eq.(2.19). The last equation is
a generalization of the corresponding one for fractional D3-branes in the orbifold C2/Z2.
In this case we have three, instead of one, terms depending on the twisted fields, and by
plugging the result (3.15) in eq.(3.17), the solution will be just a triple copy of the solution
found in [5]:
H(r, zi) = 1 + f0(NI)
Q
r4
+
K2
4 r4
∑
i
fi(NI)
2
[
log
(
r4
ǫ2(r2 − ρ2i )
)
− 1 + ρ
2
i
r2 − ρ2i
]
(3.18)
with ρi = |zi|. One can finally check that our solution also satisfies the equation of
motion for the metric. As a consistency check one can verify that the above solution does
reproduce the expected asymptotic behaviour (2.18)-(2.21).
From eq.(3.18) one can see that the metric has a singularity of repulson type [22]. This
is quite a general feature of supergravity solutions generated by non-conformal sources.
The singularity shows up because of the presence of the K-dependent term in the function
H, which is related to the coupling to the twisted fields. This coupling is absent in the case
of regular branes, which, as discussed in section 2, are conformal. In N = 2 theories these
singularities are often cured by an enhanc¸on mechanism [23], while for the N = 1 conifold
case discussed in [7] is the deformation of the conifold which gives back a singularity free
solution. As we will show in the next section, in the present case it seems that an enhanc¸on
phenomenon is at hand, too, in agreement with observations recently made in [24]. The
enhanc¸on is a scale where new light string degrees of freedom become relevant, due to
fractional D-strings becoming tensionless, in type IIB. This makes the supergravity action
one has started with, unable to describe the physics at scales smaller than the enhanc¸on.
In principle, by including these extra degrees of freedom in the low energy action one
should get back an enhanc¸on free and singularity free solution, as discussed recently in
[25]. This is what we expect to be the case in the N = 1 situation we are discussing,
too, although we will not address this problem here. In the next section, by doing a
probe analysis we show that fractional brane probes become tensionless at the enhanc¸on.
This excises the unwanted singularity, and is enough for our present purpose, but at the
same time limits the validity of our solution to distances bigger than the enhanc¸on radius.
It would be interesting to understand the relation between this N = 1 version of the
enhanc¸on phenomenon, with the pure supergravity analysis performed in [7].
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4 Non-conformal N = 1 SYM and brane probe
According to the discussion in section 2, we will now consider the low energy dynamics
of a bound state of, say, N1 branes of type 1 and N2 branes of type 2 (all what follows
can be applied to any couple of fractional brane types). The supergravity background we
are going to probe is then the one discussed in section 3 with N3 = N4 = 0. Making a
probe analysis we will see that supergravity can predict the Wilsonian β-function of the
corresponding gauge theory [27] (for a review on the probe technique we recommend [28]).
Before doing that, let us fix once for all the relation between the gauge couplings of the
four possible gauge groups and the fluxes of the NS-NS 2-form B2 along the three shrinking
spheres . This can be easily done by considering, for any given type of fractional brane,
the gauge kinetic term arising from the DBI action when a U(1) Fαβ field is switched-on
on the world-volume. Let us consider, for instance, a brane of type 1. Its DBI action,
which we have derived in section 2, can be equivalently written as 2
S = −T3
2κ
∫
d4x
√
− det (G+ 2πα′F )αβ
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
(4.1)
Expanding the above action up to the quadratic terms in the gauge field one gets (recall
the generators are normalized as Tr(TaTb) = 1/2 δab):
S = − T3
4κ
(2πα′)2
∫
d4x
1
4
FαβF
αβ
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
+ ... (4.2)
By substituting T34κ (2πα
′)2 = 1/(8πgs) one finally gets for the gauge coupling:
1
g21
=
1
8πgs
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
(4.3)
Repeating the above reasoning for all other kinds of fractional branes one ends up with
the following set of relations:
1
g21
=
1
8πgs
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
(4.4)
1
g22
=
1
8πgs
(
1 +
∫
C1
Bˆ2 −
∫
C2
Bˆ2 −
∫
C3
Bˆ2
)
(4.5)
1
g23
=
1
8πgs
(
1−
∫
C1
Bˆ2 +
∫
C2
Bˆ2 −
∫
C3
Bˆ2
)
(4.6)
1
g24
=
1
8πgs
(
1−
∫
C1
Bˆ2 −
∫
C2
Bˆ2 +
∫
C3
Bˆ2
)
(4.7)
2For the sake of simplicity in this formula (and subsequent ones) we have introduced the dimensionless
field Bˆ2 which is related to B2 as Bˆ2 = (4pi
2
α
′)−1B2.
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These are the master formulæ relating gauge theory parameters (left hand side) with
supergravity fluxes (right hand side). One should remember, however (as already discussed
in the Introduction), that the probe analysis, in relating the energy scale of the gauge
theory to some transverse length in the supergravity solution (for spherically symmetric
solutions Λ = (2πα′)−1r [26]), implies that there should be some scalar field acquiring a
v.e.v. in the effective gauge theory one is describing. This is because transverse directions
are seen as scalar fields on the D-brane. Therefore, while the above formulæ are indeed
correct, they cannot provide a probe analysis prediction for the pure N = 1 super Yang-
Mills theory since, in that case, there are no scalars to relate the energy with. For this
reason one should use composite probes to test the supergravity background. We will
reconsider the case of the pure N = 1 theory at the end of the section.
Given the above general formulæ, let us now come back to the analysis of the bound
state we want to probe. The effective gauge theory living on N1 branes of type 1 and N2
branes of type 2 is a N = 1 super Yang-Mills with gauge group U(N1) × U(N2). The
diagonal U(1) factor is free and the relative U(1) factor is subleading to first order in 1/N1
and 1/N2. Here we will be mainly concerned with the running of the couplings g1 and g2
for the semi-simple factor SU(N1)×SU(N2). In addition to the gauge multiplets, we have
two chiral multiplets, one transforming in the (N1, N¯2) and the other in the (N¯1, N2). The
two (Wilsonian) β-functions are
β(g1) =
g31
(4π)2
−113 N1 + 23N1︸ ︷︷ ︸
Gauge multiplet
+
1
6
2N2 +
1
3
2N2︸ ︷︷ ︸
Chiral multiplet
 = − g31(4π)2 (3N1 −N2) (4.8)
β(g2) =
g32
(4π)2
−113 N2 + 23N2︸ ︷︷ ︸
Gauge multiplet
+
1
6
2N1 +
1
3
2N1︸ ︷︷ ︸
Chiral multiplet
 = − g32(4π)2 (3N2 −N1) (4.9)
(4.10)
and the corresponding gauge couplings are
1
g21
=
1
g20
(
1 +
g20
4π2
3N1 −N2
2
log µ
)
(4.11)
1
g22
=
1
g20
(
1 +
g20
4π2
3N2 −N1
2
log µ
)
(4.12)
where g0 is the bare gauge coupling which can be assumed to be the same for both groups
without loss of generality, since it drops out of the β-function. To obtain the above
gauge quantities from supergravity by probe analysis, one has to start from a bound state
of N1 + 1 and N2 + 1 fractional branes of type 1 and 2, respectively, corresponding to
U(N1 + 1)× U(N2 + 1) gauge theory.
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We have seen that it is impossible to move a single brane from the orbifold point while
it is possible to move a pair of branes of type 1 and 2 (“the probe”). This corresponds
to “Higgsing” the gauge theory in a certain way. We shall now discuss this phenomenon
in detail from the gauge theory point of view and show how one can relate the (frozen)
coupling that one reads on the probe using the supergravity analysis to the (running)
couplings of the SU(N1+1)×SU(N2+1) theory at the gauge symmetry breaking point.
In order to avoid unnecessary complications, we shall consider the U(N1+1)×U(N2+1)
theory and neglect the contribution from the relative U(1) field, which is subleading to
first order in 1/N1 and 1/N2. The breaking
U(N1 + 1)× U(N2 + 1)→ U(1)′ × U(N1)× U(N2) (4.13)
where the group U(1)′ refers to the gauge field on the probe, is accomplished by giving
the following v.e.v. to the scalar components of the chiral multiplet Φ1:
a1 = b
T
1 =

v 0 · · · 0
0 0 · · · 0
...
...
...
0 0 · · · 0
 , (4.14)
where a1 is a N1 × N2 matrix. We can assume that v is real without loss of generality.
Equation (4.14) represents a classical flat direction and corresponds to moving a pair of
branes of type 1 and 2 away from the orbifold point in the z1 direction.
If we write the gauge fields A1 and A2 corresponding to U(N1 + 1) and U(N2 + 1)
respectively as square matrices3 it is clear that the gauge bosons that become massive are
those in the first row and first column. More explicitly, if we write
A1 =
1√
2

A01 W
1
1 · · · WN11
W 1∗1
...
WN1∗1
 , A2 = − 1√2

A02 W
1
2 · · · WN22
W 1∗2
...
WN2∗2
 (4.15)
we see that allW fields become massive and so does the linear combination ∝ g1A01+g2A02,
whereas the linear combination ∝ g2A01− g1A02 remains massless. In the same way, all the
chiral fields in the first rows and columns of a1 and b1 are “eaten” by the massive gauge
multiplets except for one linear combination representing the motion of the probe. This
chiral multiplet is not charged with respect to g2A
0
1 − g1A02 and thus the theory on the
probe becomes free and its coupling constant g stops running. Thus, by reading off the
3In the following we shall always suppress the Lorentz index α on the gauge field.
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value of such coupling in the IR we obtain information about the value of the couplings
g1 and g2 at the breaking point.
To obtain the exact formula, we need to normalize the fields on the brane. The correct
normalization is:
Z =
1√
g21 + g
2
2
(
g1A
0
1 + g2A
0
2
)
and γ =
1√
g21 + g
2
2
(
g2A
0
1 − g1A02
)
(4.16)
where Z and γ are the massive and massless bosons respectively. The relation between
the probe coupling constant g with g1 and g2 becomes thus:
1
g2
=
1
g21
+
1
g22
=
2
g20
+
1
4π2
(N1 +N2) log µ (4.17)
where, in doing the last step, we have used eqs.(4.11) and (4.12).
Let us now consider the (probe) action for a bound state of a fractional brane of type
1 and a fractional brane of type 2. The former is4
S1 = −T3
2κ
[∫
d4x
√− detGαβ (∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)]
+
+
T3
2κ
[
C(4)
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
−
∫ 3∑
i=1
Aˆi4
]
(4.18)
while the latter is
S2 = −T3
2κ
[∫
d4x
√− detGαβ (1 + ∫
C1
Bˆ2 −
∫
C2
Bˆ2 −
∫
C3
Bˆ2
)]
+
+
T3
2κ
[∫
C(4)
(
1 +
∫
C1
Bˆ2 −
∫
C2
Bˆ2 −
∫
C3
Bˆ2
)
+
∫ (
Aˆ14 − Aˆ24 − Aˆ34
)]
(4.19)
By summing them up one obtains
S1+2 = −T3
2κ
[∫
d4x
√− detGαβ ∫
C1
2 Bˆ2 −
∫
C4
∫
C1
2 Bˆ2 −
∫
2 Aˆ14
]
(4.20)
where the coupling to the last two twisted sectors has cancelled and the twisted fields
left depend on z1, only. The system is then free to move in the x4, x5 plane and probe
computations are allowed, as anticipated.
In order to find the effective gauge coupling describing the low energy dynamics of the
probe, one can simply repeat a reasoning similar to that at the beginning of the section.
Indeed, repeating the DBI action expansion for the gauge field kinetic term previously
described, one gets for the probe gauge coupling g:
1
g2
=
2
8πgs
∫
C1
Bˆ2 =
1
8πgs
+
1
4π2
(N1 +N2) log µ1 (4.21)
4We use for the R-R twisted fields Ai(4) the same convention we have introduced for the 2-form B2.
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where we have inserted the classical solution given in eq.(2.20). From the above expression
we get the corresponding (Wilsonian) β-function to be:
β = µ1
∂g
∂µ1
= − (8πgs)
1/2[
1 + 8pigs
4pi2
N1+N2
2 log µ
]3/2 g20(N1 +N2)16π2 = −2(N1 +N2)(4π)2 g3 (4.22)
This is the correct result expected from eqs. (4.4) and (4.5) which indeed imply that:
1
g21
+
1
g22
=
2
8πgs
∫
C1
Bˆ(2) =
1
g2
(4.23)
This coincides with the result from gauge theory found in eq.(4.17)! As one can see,
the supergravity prediction, eq.(4.21), is in precise (numerical) agreement with the above
equation and eqs.(4.11) and (4.12). Notice that in eq.(4.17) one has g20 = 16πgs, this being
consistent with eqs.(4.11)-(4.12) and (4.4)-(4.5).
As anticipated in the previous section, an enhanc¸on phenomenon seems at hand here.
Indeed the probe becomes tensionless at a distance ρˆ1, the enhanc¸on, given by:
ρˆ1 = ǫ e
−pi/2(N1+N2)gs (4.24)
This excises the unwanted repulson singularity from the solution, since it indicates the
appearance of new light degrees of freedom which are expected to become relevant at the
enhanc¸on scale and to affect the low energy physics. At the same time, the vanishing of
the probe at ρˆ1 makes the geometry at distances ρ < ρˆ1 out of reach. All gauge theory
information are then confined to the perturbative region, as it is usually the case for
situations in which an enhanc¸on locus shows-up in the geometry. Supergravity alone, at
least using probe techniques, seems not able to give information on the non-perturbative
region of the gauge theory. To go further one should include more states, as recently
discussed in [25].
Eq.(4.23) gives the correct gauge theory prediction for any value of N1, N2. Since we
are working with a perturbatively renormalizable theory in the UV, where the anomalous
dimensions γ are small, it is possible for the two β-functions to be both UV-free (it is
sufficient that 1/3N1 < N2 < 3N1). Also, one can make one of the gauge group conformal
and the other running by choosing N1 = 3N2. In this way β(g2) = 0 and one directly gets
the β-function for g1 from that of g. This has to be compared to the case discussed in
[29, 7, 27], which deals with the IR behaviour of the theory away from the gaussian fixed
point, where γ ≈ −1/2. In that case, for any choice of N1, N2, the two couplings will run
in opposite directions.
As we have already discussed, we cannot really probe the pure N = 1 super Yang-
Mills with the probe technique. Nevertheless, let us notice the following fact. Consider,
for instance, a supergravity background with just one kind of fractional D3-branes, i.e. N1
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branes of type 1, which are described at low energy by pure N = 1 super Yang-Mills with
gauge group U(N1). Plugging the value for the B2-fluxes dictated by the corresponding
supergravity solution in formula (4.3) with ρ1 = ρ2 = ρ3 ≡ ρ, one gets precisely the gauge
coupling and the Wilsonian β-function of N = 1 pure super Yang-Mills, namely:
1
g21
=
1
8πgs
(∫
C1
Bˆ2 +
∫
C2
Bˆ2 +
∫
C3
Bˆ2 − 1
)
=
1
g20
(
1 +
g20
4π2
3N1
2
log µ
)
(4.25)
and
β(g1) = − 3N1
(4π)2
g31 (4.26)
Physically this probe analysis cannot really be done since the probe does not have any
moduli associated to it, and is stuck at the orbifold fixed point. This is of course a region
which is out of reach of the supergravity solution, because corresponds to distances smaller
then the repulson singularity. It is however worth noticing how the matching holds in this
case, too. Perhaps this result can be justified by a refinement of the probe analysis.
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